Abstract. This paper is intended to study diffeomorphism invariance and diffeomorphism generation in the modified theory of gravity proposed by Hořava. Firstly, we demonstrate that the theory does not lose diffeomorphism invariance due to the parameter λ, as it was previously believed. However, we show that the presence of terms containing the Levi-Civita symbol in the original proposal of Hořava makes the theory diffeomorphism dependent. By neglecting such terms, what returns fully diffeomorphism invariance to the action, we obtain the equations of motion. Secondly, in the Hamiltonian formalism, we calculate the transformations generated by some of the constraints of the theory. Then, we prove that all diffeomorphisms of General Relativity are generated, on the energy shell, by the constraints of the Hořava-Lifshitz gravity.
Introduction
The modified theory of gravity proposed by Hořava [1] , also known as Hořava-Lifshitz gravity, has been the focus of great interest in recent times (A status report on the subject can be found in [2] . See also [3, 4, 5, 6, 7, 8, 9, 10, 11] .) In his formulation, terms containing higher order in spatial derivatives are added with the intent of modifying the propagator of the theory, turning it finite in the ultraviolet regime. This is done in such a way that terms containing higher order time derivatives are not considered, preventing the emergence of pathologies such as ghosts [12] . To this end, Hořava imposes an anisotropy in spacetime labeled by a dimensionful running parameter b through the transformations t → b z t, x a → bx a (t ∈ ℜ, x a ∈ σ, a = 1, 2, 3), when defined in a foliation M ∼ = ℜ × σ. In an attempt to make this anisotropy explicit, causing a partial lose of diffeomorphism invariance, Hořava also introduced a parameter λ in the kinetic term of the action.
In this work we will study diffeomorphism invariance and diffeomorphism generation in the theory of Hořava. Taking into account the fact that (t, x a ) are dummy variables of integration, we can perform the inverse transformation b z t → t, bx a → x a and write the Hořava-Lifshitz action [1] as
ab , . . .) .
(1.1)
Here, R (3) is the scalar curvature of the three-dimensional space σ, q ab is the 3-metric on σ, while K ab = (q ab − 2D (a N b) )/2N = (1/2)L n q ab ‡ is the extrinsic curvature, also known as the second fundamental form, with trace defined as K = q ab K ab . We use κ = 16πG with c = 1, where G is the Newton constant. N and N a are the Lapse function and Shift vector of the Arnowitt-Deser-Misner (ADM) [13, 14] formalism, respectively. They define the vector field ∂ t := Nn + N a ∂ a . The unitary timelike vector field n is normal to σ and points to the future, thus N > 0 and √ −g = N √ q. We shall use the notation g = det(g µν ), while q = det(q ab ). The torsion free covariant derivative compatible with the 3-metric q ab is D a . The essential difference between the action in (1.1) and the action of General Relativity (GR) in the ADM formalism is the presence of the dimensionless parameter λ and the function f (R (3) , R
ab , . . .). The just mentioned function must contain terms like
ab , C ab C ab §, among others. We neglect terms depending on the constant symbol of Levi-Civita such as
, which does not transform as a tensor and make the theory completely diffeomorphism dependent. In this article we will not stick in the details of f , unless it depends on the scalar of curvature R (3) , the Ricci tensor R (3) ab , and their covariant derivatives D a . Moreover, the most important property of f is this being a scalar. It is worth saying that λ and f must satisfy the conditions f → 0 ‡ L n is the Lie derivative and generates passive diffeomorphisms in the direction of n. We use the notation
, where T is an arbitrary tensor field. § Despite the fact that the Cotton tensor depends on the constant Levi-Civita symbol
, the contraction C ab C ab does not.
and λ → 1 in the limit where GR apply. In the section that follows, we will study the diffeomorphism invariance of (1.1). We shall demonstrate that the presence of the parameter λ does not affect the diffeomorphism invariance of the theory (See also [6] ). The presence of terms containing the constant Levi-Civita symbol completely destroy this invariance, while, in the absence of such terms, the theory is diffeomorphism invariant under Diff(M). In section 3, we calculate the equations of motion for the action in (1.1). The Hamiltonian formalism of the theory is reviewed in section 4, where we show that the new Hamiltonian and vector constraints are directly related to the equations of motion of the theory. Then, we dedicate ourselves to calculate the transformations generated by these constraints. We prove that, on the energy shell, they are the generators of the diffeomorphisms of M, as in GR. In section 5 are the conclusions.
Diffeomorphism invariance
It has been argued [1] that the modified theory given in (1.1), in the presence of λ, is restricted to a subgroup Diff F (M) ⊂ Diff(M) of diffeomorphisms. We shall demonstrate that the theory described by (1.1) is, indeed, invariant throughout all the diffeomorphisms of the GR group Diff(M). In other words, the theory is independent of coordinates. In [1] , the argument imposed is that a theory must have a Lagrangian density L invariant under active diffeomorphisms (that changes the points but not the differentiable structure of M) of the type p → p
We must be aware that the Lagrangian density of any theory may not be invariant under such active diffeomorphisms, that is to say
This property, in turns, prevents the Lagrangian density L of being a constant, independent of the spacetime coordinates x µ = (t, x) and, as a consequence, of the points p ∈ M. In fact, a diffeomorphism is an isomorphism in the category of smooth manifolds. A bijective map ϕ between differentiable manifolds is a diffeomorphism if ϕ and its inverse are differentiable [15] . In the particular case of GR, Diff(M) is the set of maps ϕ : M → M. Passive diffeomorphisms, or simply diffeomorphisms, includes the changes of parametrization (coordinate systems) of the points of M. Thus, the invariance we are talking about must be present in the transformation ϕ * :
, keeping the action (1.1) invariant for different parametrizations x and x ′ of each point p ∈ M. It is important to say that, although the Lagrangian may not be invariant under active diffeomorphism, its action is [13] .
Let us follow the steps in [13, 14] by performing an immersion of σ into M through an arbitrary diffeomorphism X : ℜ × σ → M; σ → Σ t ; (t, x) → X(t, x) := X t (x). The spacetime is foliated in a spacelike hypersurface Σ t . Any diffeomorphism ϕ ∈ Diff(M) has the form ϕ = X ′ • X −1 , where X and X ′ are two distinct foliations related by the diffeomorphism X ′ = ϕ • X. Thus, since the action in (1.1) is invariant under the immersion X, it will be invariant under any diffeomorphism ϕ ∈ Diff(M). We define the parametrization
where n µ N µ = 0 and n µ v µ = 0 if v is a covector on Σ t . The inverse of (2.1), subtracted from the relation dt(
, which is the covector normal to Σ t . Here, ∇ µ is the torsion free metric preserving covariant derivative compatible with g µν instead of q µν . It is convenient to define the following three spacial vector fields of Σ t
Being X a diffeomorphism, (2.2) must have an inverse. Then, we can write
This, in turns, enables one to find
The above calculations where performed by taking into account the identity
together with n µ q µν = n µ K µν = 0. In order to save space, from now on we will eventually leave aside the label X. The first fundamental form is written as
One can easily show that
Here, the Lie derivative L v generates active diffeomorphisms in the direction of the vector field v. The covariant derivative compatible with q µν is defined by
where f must be a smooth function on Σ t and n µ v µ = 0. The same result holds for arbitrary tensor fields defined on this hypersurface. The reader may verify that
This result can be extended to any tensor field in Σ t , what enables one to write
µν (X(t, x)), and so on. Details regarding these and other calculations are in [13, 14] . We argue that the function f (R (3) , R
ab , . . .), in the absence of terms containing the constant Levi-Civita symbol, is a scalar. Thus,
µν , . . .)(X(t, x)).
What remains to be done is to write
. Collecting all the above results, the action in (1.1) takes the form
µν , . . .) , (2.8)
for any diffeomorphism X. This demonstrates that the introduction of λ in the theory of Hořava does not affect its diffeomorphism invariance. At this moment, it is important to emphasize that a term like
c is clearly dependent of the diffeomorphism we choose. In other words, although the Ricci tensor transforms as a tensor of rank 2, the Levi-Civita symbol ε abc , which is a constant, does not, and the theory loses all its diffeomorphism invariance, even Diff F (M), as argued by Hořava [1] .
In the next sections we will turn to the problem of diffeomorphism transformations and show that the theory is not only diffeomorphism invariant, as seen here, but also possess its constraints as the generators of the active diffeomorphisms of GR.
The equations of motion
From now on we set, for simplicity,
To calculate the equations of motion for the action in (1.1), we first rewrite (2.8) using the reverse procedure of the ADM formalism, namely,
The identity
from the Gauss-Codazzi equation [14] , was taken into account. The scalar curvature R (4) , defined on M, stems from the definition for the curvature tensor
3) is a surface term and has been neglected. By performing the inverse diffeomorphism
ab , . . .)(t, x) .
Let us recall some important relations. In the coordinate system (t, x a ), the normal vector field n has components n µ = (1/N, −N a /N), while n µ = (−N, 0). The metric on σ is given by q ab (q a b = δ a b ), while q µ ν may project any vector field on M into σ. Again, we write √ −g = N √ q, with q = det(q ab ). The remaining components of q µν (q µν ) are: q ta = N a , q tt = N a N a (q tt = q ta = 0,) being n µ q µν = 0 and g µν = q µν − n µ n ν . The properties of the projectors q and n ⊗ n enable us to set down any vector field v on M as
Above,v is the v component normal to σ, while its tangent component isv a , both written in the nonholonomic basis e µ = (n, ∂ a ).
We return to the variation of the action in (3.4) and write down
The relation above has been calculated by means of the equality δ
√ab δq ab , together with q ta = q tt = 0. After we take the variation δR
we discarded the surface term in parenthesis. We must express the total variation of S in terms of the independent variables N, N a , and q ab , separately. Thereunto, it is necessary an analyzes of each term in the last equality in (3.7). We may begin writing
Now, it is needed to calculate the variation of the trace K. This can be easily achieved expressing K as K = ∇ µ n µ [13, 14] , then
The identity n α δn α = −n α δn α helps us to find
Equations. (3.9) and (3.10) are essential to calculate the integral that follows,
In the first equality above we have performed an integral by parts, neglecting surface terms. We also used the equality q µa ∇ µ K = D a K and, afterwards, applied the relation for g given by
The remaining term to be analyzed in (3.
ab , . . .) and needs a special attention. We do not want nor need to treat the exact form of f . So, we begin by studying the particular case w = w(R (3) ). We know that 13) where the effect of the variation of w(R (3) ) inside the integral was summarize, up to surface terms, by the tensor of rank 2
. (3.14)
Observe that [D w (N)] ab transforms as a tensor and n µ (X) [D w (N(X))] µν = 0 in any diffeomorphism X. This result will be extended to the case of (3.7). As we imposed, the function f (R (3) , R
ab , . . .) is a covariant combination of the Ricci tensor, scalar curvature and their covariant derivatives. This enables us to write
ab , . . .)
ab , . . .) ∂R (3) δR
ab , . . .) ∂R Collecting the results of (3.8), (3.11) , and (3.15) we obtain
ab , . . .) δN (3.16a)
The terms in brackets must cancel separately so that δS = 0. We claim that the above result can be compactified as follows
µν , . . .)
where
is the Einstein tensor. The reader may verify that the term in brackets in (3.16a) corresponds to 2n α n βG αβ , while the one in (3.16b) is equals to (q 
Hamiltonian formalism and diffeomorphism generation
Before looking at the transformations generated by the Hamiltonian and vector constraints, we must write the Hamiltonian formalism of the theory. The procedure is similar to the λR theory (where f (R (3) , R
ab , . . .) = 0) studied in [9, 10, 11] . Without going into the details, we write the total Hamiltonian [16, 13] 
ab , . . .) , (4.2a)
We use the definitionλ := λ/(3λ − 1). Following the formalism of Dirac [16] , C and C a are primary constraints, and their persistence in time lead us to the secondary constraints H ≈ 0 and H a ≈ 0, also known as the Hamiltonian and vector constraints, respectively. In (4.1), N and N a depends on the spacetime variables (t, x), being coordinates of the phase space Γ = {q ab , N, N a , π ab , Π, Π a }, while γ and γ a are Lagrange multipliers. We will denote byΓ the reduced phase space, where the constraint equations H = H a = C = C a = 0 must hold. We also define the equal time Poisson brackets for arbitrary functions F,
3)
The reader may perceive that the short hand notation Q = (q ab , N, N a ) for the fields and P = (π ab , Π, Π a ) for their canonically conjugate momenta has been applied, together with an implicit index summation. At this point, we can identify the relation of the equations of motion with the Hamiltonian and vector constraints. The identities [13, 14] , together with (4.2c) and the equations of motionG µν in (3.17), enable us to find
In other words, just as in GR, the Hořava-Lifshitz theory on shell defines the reduced phase spaceΓ. We shall be concentrated now on the transformations generated by the Hamiltonian and vector constraints. We must verify that these constraints are the generators of the diffeomorphism from Diff(M). Let us begin by quoting the active diffeomorphism δx µ = ǫ µ (t, x) = (ǫ t , ǫ a ). We may write ǫ in the nonholonomic basis e µ = (n, ∂ a ) as ǫ =ǫn +ǫ a ∂ a , whereǫ = Nǫ
it is easy to show that [13, 14] Lǫ n q ab =ǫL n q ab = 2ǫK ab , (4.5a)
Also, it can be verified that
The above equations reflect the fact that the Hamiltonian and vector constraints are the generators of the diffeomorphisms given in (4.5a) and (4.5b). It now remains to verify the active diffeomorphisms for the canonically conjugate momenta π ab , since the transformations that generate the active diffeomorphisms on N and N a are performed by the smeared functions C(L ǫ N) and C a (L ǫ N a ), respectively. By considering the active diffeomorphism 
Taking into account that the constraint in (4.2b) is the same vector constraint of GR, (4.8) reduces to [13] 
So far, all the diffeomorphisms of GR are generated by the constraints of the Hořava-Lifshitz theory. But things must change radically for the remaining case. It is already known from GR in the ADM formalism that the active diffeomorphism L N n may be generated by the constraint H(N) only on shell. We shall show that it will also happen in the present case. The property
tells us that any diffeomorphism in the direction of n may be generated by L N n . By this reason, we may study the transformation δ N n π ab only. The following straightforward result
is obtained using the equality
Most of the details of these calculations can be found in [13] .
together with the Lie derivative property
It is interesting to begin with
From the relations that follow 14) and also (see [13] for more details)
we obtain, already in the pullbach ℜ × σ, the desired result
Omitting the details we quote
cd . (4.17) At this point we can join the result in (4.11) with the one in (4.17) to write
Clearly, H(N) does not generate any diffeomorphism on π ab , at least off shell, as well as it happens in GR. However, in the case of (4.18), we hardly expect that it will occur on shell. The presence of the function f and the parameter λ appears to make it just impossible. We shall prove that, in fact, the transformation δ N n π ab reduces to L n π ab on shell.
From now on we will be working on shell (G ab = 0.) We call the relation g µν G µν = −R (4) that, together with (3.17), result into
Collecting (4.12), (4.16) , and also the property
From (4.19), we may rewrite (4.20) as
After a series of cancellations we get (q ac q bd − λq ab q cd )R The result obtained above is really interesting. It tells us that among the various forms of modification of general relativity that are diffeomorphism invariant, there exists a subset of modified theories, characterized here by the term containing λ and the function f, that generate all the diffeomorphisms of GR, as in the ADM formalism. Of course it does not mean that these modified theories are consistent in other respects. We are not sure even if the number of degrees of freedom remain two. We also did not verify if the constraints of the theory remain first class. In the case where the constraints become second class, we may obtain some active diffeomorphism transformations that are not symmetry transformations as well as is the case of Einstein theory. The implications of this property could be in the heart of several ills [3, 4, 5] that arise in the Horava-Lifshitz gravity.
Conclusions
We have demonstrated that the Hořava-Lifshitz gravity does not lose diffeomorphism invariance due to the presence of the parameter λ. However, we have showed that the terms containing the constant Levi-Civita symbol, present in the original proposal of Hořava, turn the theory dependent of any diffeomorphism. A modified theory of gravity should at least preserve a certain class of diffeomorphisms. Then, we neglected those terms and showed that the theory is invariant under the whole group of diffeomorphisms of General Relativity. Next, we have calculated the equations of motion and displayed their direct relation with the Hamiltonian and vector constraints. Finally, we have proved that the set of modifications of gravity labeled by λ and the class of functions f , in the Hamiltonian formalism, generates all the diffeomorphisms of General Relativity on the energy shell, as well as it occurs in the ADM original formalism.
